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Abstract

For monolithic, grain-bridging ceramics, the crack-size dependence of the fatigue threshold during bridging zone development

presents a difficulty in its application in design. This paper demonstrates how a fatigue threshold R-curve may express this

crack-size dependence, analogous to the traditional fracture toughness R-curve, and may be used to predict the endurance limit

and retained strength under cyclic loading conditions. Furthermore, the fatigue threshold R-curve may be deduced from the behav-

ior of millimeter-scale, through-thickness, fatigue cracks via an accurately measured crack bridging stress profile. Both an alumina

ceramic with large steady-state bridging zones (�2 mm), where the predicted and experimentally measured fatigue threshold

R-curves agree well over a range of crack sizes from 0.06 to 7 mm, and a (Y2O3-MgO)-doped Si3N4 ceramic, where bridging zones

are much shorter (�100 lm), are investigated. The approach provides a useful alternative to performing difficult short-crack fatigue

experiments, particularly for materials with small bridging zones.

� 2005 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

While grain bridging has proved to be a potent mech-

anism for creating tough ceramics [1–9], under cyclic

loads these materials are typically susceptible to prema-

ture failure by subcritical crack propagation owing to
degradation of the bridges [9–18]. Moreover, as bridging

only develops with crack extension, there is an inherent

effect of crack size on the material toughness [1–5] and,

as well, on the cyclic fatigue-crack growth resistance [11]

for cracks shorter than the steady-state bridging-zone

lengths. Such crack-size effects on fracture toughness

are expressed in the form of a resistance- or R-curve,

which allows for failure predictions based on the loading
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conditions and initial flaw size [19]. For bridging ceram-

ics, methods have been developed for predicting such

R-curves based on measured bridging stress functions

for cracks with steady-state bridging zones [2,20–22].

However, such methods are non-conservative for pre-

dicting reliability under cyclic loading conditions owing
to damage in the bridging zone; and there is currently no

analogous methodology for use with fatigue. Further-

more, as bridging is achieved with weak grain bound-

aries that permit intergranular fracture, the absolute

threshold for initial crack extension is reduced versus

that for nonbridging materials and is far too conserva-

tive for an alternative design criterion.

Accordingly, the goal of the present paper is to deve-
lop a framework for the prediction of reliability in

bridging ceramics under cyclic loading conditions based

on a fatigue threshold R-curve [23–25], which gives

the threshold as a function of crack extension. The
ll rights reserved.
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proposed method is analogous to the traditional frac-

ture toughness R-curve approach, and is achieved using

measured bridging stress distributions.
2. Background

One consequence of making high-toughness ceramics

has been that such materials become susceptible to fati-

gue failure due to progressive degradation of the tough-

ening under cyclic loading. This is in contrast to

untoughened ceramics which are essentially immune to

cyclic fatigue, within the proviso that they may experi-

ence environmentally assisted sub-critical growth during
cyclic loading. Fatigue-crack growth rates in ceramics at

a specific load ratio (R = Kmin/Kmax) tend to follow a

classical Paris power–law relationship:

da
dN

¼ AðDKÞm; ð1Þ

where A and m are scaling constants, da/dN is the

growth rate, DK is the stress-intensity range (Kmax �
Kmin), and Kmax and Kmin are, respectively, the maxi-

mum and minimum values applied during a loading

cycle. The Paris law exponent is typically very large

for ceramics, i.e., m � 15–100; consequently, propagat-

ing fatigue cracks quickly grow to failure unless they
are in a decaying DK situation. Because of this, the fati-

gue threshold, DKTH, below which cracks are presumed

not to propagate under cyclic loads is often considered

as a critical parameter in the fatigue of ceramics.1

In light of this, the precise definition of the fatigue

threshold is a central issue. The majority of fatigue-crack

growth tests performed to date on ceramic materials

have used millimeter-scale (so called ‘‘large’’) cracks
growing in standard fracture mechanics specimens

[9,12–16,29–31]. These experiments typically are believed

to represent the behavior of cracks with steady-state

bridging zones, where bridges are created and destroyed

at a roughly equal rate and the zone size is equilibrated at

each K value. Crack-size effects on the fatigue threshold

are thus ignored in such experiments, and the measured

fatigue thresholds are non-conservative when compared
to those from smaller cracks with developing, or tran-

sient, bridging zones [11]. Since relevant crack sizes in

ceramics for structural use will likely be several orders

of magnitude smaller than those in such test specimens,

effects of crack size must be addressed if the fatigue

threshold is to be used as a design parameter.

One approach to assessing the effects of developing,

or transient, bridging zones on the fatigue threshold is
1 Alternatively, the fatigue threshold can be described in terms of the

maximum stress intensity, KTH
max, as Eq. (1) can be rewritten as

da/dN = A 0(DK)p(Kmax)
n where A 0 = A(1 � R)n and (n + p) = m [26,27].

With brittle materials such as ceramics, n� p [28].
to conduct direct experiments on functionally small or

short cracks. In the context of this paper, cracks are

considered short or small if comparable in size to, or

less than, one of three characteristic dimensions,

namely, the microstructure (microstructurally-small),

the extent of local inelasticity ahead of a crack tip
(mechanically-short/small), and/or the extent of the

zone causing crack-tip shielding or bridging behind a

crack tip (functionally-short/small) [32,33]. Short cracks

meet such conditions in only one dimension, i.e., the

crack length, and small cracks meet one or more such

conditions in both dimensions. A functionally-short

crack has limited crack-tip shielding, yet samples the

microstructure statistically because of its extensive crack
front [34]. Conversely, functionally-small cracks are

small in all dimensions, as typified by a small, semi-

elliptical surface flaw. When small cracks are compara-

ble in size to microstructural entities, in addition to

reduced shielding, biased sampling of microstructurally

weak paths may occur. Due to these restrictions in

shielding and microstructural sampling, the crack-

growth resistances of microstructurally small cracks
generally tend to be more variable but at the extreme

are among the lowest. In addition, residual stresses

either from contact damage or from thermal expansion

mismatch may act more strongly on small cracks; if

unappreciated or unaccounted, they lower the effective

or operational R-curve for small cracks [35–37]. While

direct short or small crack testing seems attractive, there

are many experimental difficulties in creating, propagat-
ing, and monitoring very small fatigue cracks in ceram-

ics. Indeed, for materials with steeply rising R-curves,

most attempts at such experiments have found that

the practical crack sizes for testing were too long com-

pared to the bridging-zone length to notice any small-

crack effects [27,38–40].

Recently, we have proposed an alternative approach

[11] which first involves determining the steady-state
contribution of bridging, KSS,br, in reducing the applied

stress intensity; superposition is then used to subtract

this bridging stress intensity from the measured steady-

state threshold, KTH
SS;max, to obtain an intrinsic threshold

for the tip of an unbridged crack, KTH
o;max, using [11]:

KTH
o;max ¼ KTH

SS;max � KSS;br: ð2Þ

In ceramics the threshold depends more strongly on the

value of the maximum stress intensity, Kmax, as opposed

to the stress-intensity range, DK, per se [9,12–14,41];

consequently, fatigue thresholds are expressed here in

terms of KTH
max, noting that this may easily be related to

DK through the load ratio, R = Kmin/Kmax. Also, since

there is no cyclic fatigue effect in the absence of bridging

for the most brittle ceramics, KTH
o;max may be thought of

as the intrinsic toughness of the material, Ko, viz.:

KTH
o;max ¼ Ko: ð3Þ
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This approach gives a worst-case fatigue threshold, Ko

for a bridging material below which cracks of all sizes

should not propagate, provided they are large enough

to statistically sample the ‘‘continuum’’ microstructure.

A disadvantage of designing with this method, however,

is that it is too conservative. In reality most short/small
cracks will arrest after a short amount of subcritical

growth due to the increased bridging [11]; accordingly

a methodology is needed that predicts the conditions un-

der which short/small fatigue cracks will arrest versus

grow to failure. In order to address these problems, in

the present work we propose the use of a fatigue thresh-

old R-curve and demonstrate how this may be derived

from traditional long-crack fatigue experiments by
determining the bridging stresses for near-threshold

steady-state fatigue cracks.
3. Procedures

3.1. Materials

A commercial 99.5% pure alumina (AD995, Coors

Technical Ceramics Co., Oak Ridge, TN) was chosen

as a model material due to the fact that it exhibits large

steady-state bridging zones (�2 mm) near the fatigue

threshold [11]. This permitted direct measurements of

fatigue thresholds over a range of crack sizes that were

under transient conditions, i.e., where the bridging zone

was still being developed. Such experiments provided
data for the fatigue threshold R-curve which was then

compared with predictions derived from a deduced

bridging stress distribution. The alumina had a wide

grain size distribution, with a nominal, average size of

�25 lm; more complete information on the material

may be found in Ref. [11]. Additionally, a gas pressure

sintered, self-reinforced Si3N4 (with 5 wt% Y2O3 and

2 wt% MgO, added, designated YM-Si3N4) ceramic
was used to demonstrate methods for predicting the

fatigue threshold R-curve in a material with small bridg-

ing zones (�100 lm) where short/small crack testing is

prohibitively difficult. The reinforcing grains had a mean

diameter of 0.28 lm with an aspect ratio of �7; details

on the processing and microstructure of this material

can be found elsewhere [42–44].
3.2. Fatigue threshold experiments

Fatigue-crack growth experiments were conducted on

standard compact-tension, C(T), specimens (width,

W � 17 and 19 mm for the Al2O3 and Si3N4, respec-

tively; thickness, B � 3–3.5 mm) in general accordance

with ASTM standard E647. Complete details of the fa-

tigue-crack growth procedures are in Ref. [11]; a brief
summary of issues pertinent to the measurement of fati-
gue thresholds is presented here. Fatigue cracks were ini-

tiated from straight machined notches (length ao � 4–5

mm) under cyclic loading conditions (25 Hz sine wave,

load ratio, R = 0.1), after which the cracks were grown

to a specified length, as monitored using back-face strain

compliance methods [45]. Notch root radii, q, ranged
from �15 to 150 lm, with the sharpest notches used

for the smallest crack sizes. In all cases, data collection

did not begin until the amount of fatigue-crack exten-

sion from the notch, Daf, exceeded q, at which point

the influence of the notch field on the stress intensity

could be considered to be negligible [46,47]. In order

to measure the fatigue threshold, the applied stress-

intensity range was reduced at a roughly constant
DK-gradient (=[dDK/da]/DK) of �0.08 mm�1. Based

on previous results [11], this DK-gradient was low en-

ough in AD995 alumina to achieve steady-state bridging

zones for cracks with Daf > 2 mm in the range of growth

rates from �10�8 to 10�10 m/cycle. Using three meth-

ods, the fatigue threshold was measured as a function

of crack extension for Daf ranging from 60 lm to 6.5

mm, with the threshold operationally defined as the low-
est stress intensity at which the fatigue-crack growth rate

could be measured and does not ever exceed �10�10 m/

cycle. For the Si3N4, which has more than an order of

magnitude smaller bridging zone (�100 lm), only the

steady-state (i.e., long-crack) fatigue threshold was

obtained.
3.3. Quantification of bridging stresses in AD995-Al2O3

As the bridging stress distribution, rbr(x), for a near-

threshold steady-state fatigue crack in AD995 alumina

was determined in a previous study [11], the methods

are only outlined here. First, a fatigue crack was grown

for �3 mm, i.e., through the entire bridging-zone length,

near the fatigue threshold (da/dN < 7 · 10�10 m/cycle).

The length of the bridging zone, L, was measured using
multi-cutting compliance methods [11,48], whereby the

crack wake was incrementally cut out using a diamond

saw while making compliance measurements after each

incremental cut. By noting the notch length where the

compliance began to increase, a roughly L = 2 mm

bridging-zone length was determined for close to the

threshold. Additionally, the shape of the bridging stress

distribution, normalized by the maximum bridging
stress, rmax, was determined using [48]:

rbrðxÞ
rmax

¼ C2ðaÞC0
uðxÞ

C0ðaÞC2
uðxÞ

; ð4Þ

where C(a) is the traction-free compliance (i.e., that of
the same length crack, determined optically, but neglect-

ing bridges), Cu(x) is the observed compliance after cut-

ting to the position x measured from the load-line, and

C 0(z) = dC(z)/dz.
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In order to deduce the value of rmax, crack-opening

displacements, utot(x), were measured in a field-emission

scanning electron microscope (FESEM) with the sample

loaded to K ¼ 3:0 MPa
ffiffiffiffi
m

p
, which was 6% lower2 than

the lowest measured steady-state fatigue threshold,

KTH
SS;max. The crack-opening displacements and bridging

stress distribution are related through the double inte-

gral equation [22],

� 1

E0

Z a

0

Z a

maxðx;x0Þ
hða0;xÞhða0;x0Þrbrðx0Þ da0 dx0 ¼ utot � uapp;

ð5Þ
where E 0 is the elastic modulus (E in plane stress,
E/(1 � m2) in plane strain, where m is Poisson�s ratio)

while the weight function, h, is geometry specific and

may be found for the C(T) specimen in Ref. [49]. Also

used in Eq. (5) are the displacements due to the applied

loading, uapp, for an unbridged crack at a given applied

stress intensity, Kapp, which may be calculated as [50]:

uapp ¼
1

E0

Z a

x
Kappða0Þhða0; xÞ da0: ð6Þ

Combining the normalized bridging stress distribution

from Eq. (4) with Eqs. (5), (6) allows a value for rmax

to be obtained; this was chosen to be the stress which

gave a crack-opening profile nearest that measured

experimentally, as determined by the least-squares

method.

3.4. Quantification of bridging stresses in YM-Si3N4

Due to the small bridging zones in YM-Si3N4, the

multi-cutting technique described above was not consid-

ered applicable for bridging stress determination. Mi-

cro-Raman spectroscopy has been used previously to

evaluate stresses in Si3N4 by measuring shifts in the
862 cm�1 peak [51] and, more specifically, to measure

bridging stress distributions behind crack tips [52–54].

Here we adopted this methodology to measure bridging

stresses for a C(T) fatigue sample last tested near-thresh-

old and re-loaded in situ to �95% of the measured fati-

gue threshold, KTH
SS;max. Specifically, a 488 nm laser was

focused using an optical microscope with a 50· objective

to a �1 lm spot size on the sample surface. Laser power
at the surface was kept below 5 mW to avoid effects due

to sample heating. Scattered light was directed through

a holographic laser line filter and into a 640 mm single

spectrometer where 200 s exposures were collected using

a liquid nitrogen cooled, back-thinned CCD camera.

Bridging stresses were measured along the crack wake
2 Note that in the present study, additional fatigue thresholds were

measured beyond those in Ref. [11]. Accordingly, there are slight

variations in the values used in the present work compared to that

study.
at 6 lm increments moving away from the crack tip until

the shift in the Raman peak, and thus the corresponding

bridging stresses, were essentially zero (�100 lm). Ef-

fects due to ambient temperature variations and/or

instrument drift were avoided by recalibrating after

every 3–5 bridging stress measurements using an inter-
nal zero stress reference (a part of the sample far away

from the crack). The zero stress peak position corre-

sponding to each bridging stress measurement was

determined by linear interpolation between the appro-

priate calibration points.

Because the stress dependence of the Raman shift of

the 862 cm�1 peak for Si3N4 can be affected by changes

in chemical composition [52], particularly in the pres-
ence of SiAlON structures, a calibration was performed

for our sample composition using a 2 mm by 3 mm

cross-section beam in four-point bending at a peak

stress of ±400 MPa. The laser was moved in 150 lm
increments along the bend beam to record the peak shift

with changing stress, again using an internal zero stress

reference, as described above, which was recalibrated

every 3–5 measurements. This calibration gave an aver-
age piezo-spectroscopic coefficient, Pavg, of �1.77 ±

0.23 cm�1/GPa. This value falls between those obtained

by Pezzotti et al. [52,53] for high purity Si3N4 (�2.22

cm�1/GPa) and for Si3N4 materials sintered with

Al2O3 which contain SiAlON phases (�1.63 to �1.69

cm�1/GPa).
3.5. Fatigue threshold R-curve predictions

The methods used in the present study to predict fa-

tigue thresholds as a function of crack length, i.e., a fa-

tigue threshold R-curve, are based on those used to

predict classical fracture toughness R-curves [2,20–22].

Specifically, the toughening contribution of bridging,

Kbr, is deduced by integrating the steady-state bridging

stress distribution, in this case using the weight function
approach [55]:

Kbr ¼
Z a

0

hðx; aÞrbrðxÞ dx: ð7Þ

For Da > L, integrating Eq. (7) gives the steady-state

bridging contribution, KSS,br, which pertains at Kmax

and is insensitive to crack length, while for Da < L the
transient bridging contributions that exist during the

development of the bridging zone are determined. In

the present case, rbr represents the (nearly) fully de-

graded bridging stress distribution for a crack loaded al-

most at Kmax while near the steady-state fatigue

threshold, and accordingly through the use of Eq. (7),

the near-threshold bridging contributions for any crack

length may be deduced, allowing the prediction of a fa-
tigue threshold R-curve via:

KTH
maxðaÞ ¼ Ko þ KbrðaÞ; ð8Þ
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where Ko may be determined from Eqs. (2), (3), i.e.,

from the measured steady-state threshold and the com-

puted KSS,br.
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Fig. 2. Measured fatigue thresholds in AD995 alumina expressed in

terms of Kmax as a function of the crack size when the threshold was

achieved.
4. Results

4.1. Fatigue threshold results

Results showing typical fatigue-crack growth rate

behavior for AD995 alumina, in the form of

da/dN � DK curves for a range of different crack sizes,

are plotted in Fig. 1(a); Fig. 1(b) shows the corre-

sponding steady-state fatigue-crack growth results for
the YM-Si3N4. From Fig. 1(a) it is apparent that there

is a distinct crack-size effect on the fatigue threshold;

indeed, DKTH values were roughly 50% lower for func-

tionally-short cracks where Daf = 60 lm when com-

pared to steady-state cracks with Daf > L = 2 mm.

Because typical fatigue thresholds are measured on

nominally steady-state cracks which are generally many

millimeters in length, Fig. 1(a) illustrates the necessity
of considering the fatigue properties for realistic flaw

sizes in ceramics, i.e., in the tens to hundreds of

micrometers.

One approach to this problem is the use of a fatigue

threshold R-curve, shown in Fig. 2 in terms of KTH
max for

AD995 alumina. The data points in Fig. 2 represent

measured fatigue thresholds plotted as a function of

the fatigue crack extension, Daf, from the starter notch
when the threshold was measured. For crack sizes where

Daf > L, these fatigue thresholds correspond to steady-

state fatigue cracks, where bridges are created and ex-

hausted at roughly equal rates and the nature of the
Fig. 1. Fatigue-crack growth rate data for (a) AD995 alumina and (b) YM

development of the bridging zone, illustrating the need to understand fatigue

zone in the Si3N4 material (�100 lm), similar short crack tests were not po
bridging zone uniquely corresponds to the applied DK
level. Such steady-state fatigue thresholds should not

be history- or size-dependent, meaning that steady-state

conditions are always maintained while approaching the

fatigue threshold (a condition more often assumed than

proven [11]). For transient cracks (Daf < L at the speci-

fied K level or velocity), the measured fatigue thresholds
are certainly size-dependent; however, it is presumed for

most samples that any history dependence on the short-

crack thresholds should be minimal for cracks grown
-Si3N4. (a) Results for a range of crack sizes are shown during the

thresholds at relevant crack sizes. (b) Due to the much smaller bridging

ssible.
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6th order best-fit polynomial function.
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under identical conditions to the steady-state cracks,

where no history dependence was observed for growth

rates in the 10�10–10�8 m/cycle range [11]. In some

cases, however, initial growth rates were higher than

10�8 m/cycle and the measured threshold may have

been elevated by history effects if bridges that formed
at the higher growth rates had not been degraded suffi-

ciently at the measured fatigue threshold. A reasonably

conservative assessment of the data would be to use a

lower-bound estimate for the range of available fatigue

threshold data at each crack size, noting that a signifi-

cant, unaccounted scatter exists in the crack-growth

data, possibly owing to inherently stochastic growth

through the microstructure.

4.2. Fatigue threshold R-curve predictions

Fig. 3(a),(b) shows the bridging stress distributions

for a near-threshold steady-state fatigue crack in

AD995 alumina, deduced using Eqs. (4)–(6), and in

YM-Si3N4, determined using Raman spectroscopy,

respectively. Since the cracks were grown near the fati-
gue threshold (da/dN < 7 · 10�10 m/cycle) through the

entire bridging zone, these are considered to be reason-

able estimates of the fully degraded bridging stress dis-

tributions for threshold fatigue cracks reloaded just

below the level necessary to cause crack extension. In-

deed, for AD995 alumina, the lowest measured steady-

state threshold was KTH
max ¼ 3:2 MPa

ffiffiffiffi
m

p
, while for the

single Si3N4 sample, the threshold was KTH
max ¼

3:9 MPa
ffiffiffiffi
m

p
; both were loaded to 0:2 MPa

ffiffiffiffi
m

p
below

those values. For the former case, the lowest measured

threshold is used as the basis for the fatigue threshold

R-curve predictions in order to be conservative. To get

accurate estimates in both cases, 0:2 MPa
ffiffiffiffi
m

p
must be

split between, and added to, the deduced steady-state

bridging contribution, KSS,br, and the intrinsic crack-

tip fracture resistance, Ko, values. Two common ways
in which this has been done are: (i) to add the additional

stress intensity proportionately to KSS,br and Ko or (ii) to

assume that the bridging is saturated and so add the en-

tirety to Ko [11,22]. Since the first method gives more

conservative estimates for DKo,TH and the initial part

of the fatigue threshold R-curve, it is used in the present

analysis.

The entire bridging stress distributions was inte-
grated using Eq. (7), after which 0:1 MPa

ffiffiffiffi
m

p
was

added back as described above; the resulting assess-

ment of the steady-state bridging contribution yielded

values of KSS,br of 1:9 MPa
ffiffiffiffi
m

p
for AD995 alumina

and 2:5 MPa
ffiffiffiffi
m

p
for the YM-Si3N4. Worst-case,

intrinsic fatigue thresholds were then assessed accord-

ing to Eq. (2), giving values of Ko ¼ 1:3 MPa
ffiffiffiffi
m

p
for

AD995 alumina and Ko ¼ 1:4 MPa
ffiffiffiffi
m

p
for YM-

Si3N4; the former is plotted on Fig. 2 along with the

measured fatigue threshold data. These are also shown
in Fig. 1 (as Ko(1 � R)) as a lower bound to the pre-

dicted threshold for the onset of extension of an abso-

lutely unbridged crack.

Eqs. (7), (8) may be applied to make predictions of

the fatigue threshold R-curves based on the bridging

stress distributions in Fig. 3, as shown in Fig. 4. A frac-

tion of the additional 0:1 MPa
ffiffiffiffi
m

p
, that must be in-

cluded in Kbr to get an accurate assessment, is added
in linear proportion to the crack extension, such that

when Daf = L, the full 0:1 MPa
ffiffiffiffi
m

p
is added to provide

the steady-state value, KSS,br These predicted fatigue

threshold R-curves, shown in Fig. 4, are in terms of

Kmax, In Fig. 4(a), the actual fatigue threshold data for

AD995 alumina are also shown for comparison. While

threshold data are currently unavailable for short

crack sizes in YM-Si3N4, the plateau of the R-curve in
Fig. 4(b) corresponds to the long-crack fatigue threshold

data from Fig. 1(b).
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5. Discussion

It is apparent in Fig. 4(a) that the predicted fatigue

threshold R-curve provides a conservative estimate of
the real thresholds below which cracks were not ob-

served to propagate over the full range of transient crack

sizes up to the steady-state regime. The conservative nat-

ure of these estimates may lead to discernible differences

in deduced parameters, e.g., Ko, compared to results of

studies seeking to assess the likely values of these
[11,56]. Furthermore, such predictions were made using

bridging stress results for long, steady-state fatigue

cracks without the need for direct short-crack experi-

ments. This is desirable since direct short/small crack

testing over relevant size scales is often prohibitively dif-

ficult for many structural ceramics of interest, particu-
larly self-reinforced Si3N4 and SiC. To apply the

method invoked here successfully, it is imperative, how-

ever, to get accurate estimates of the bridging stress dis-

tribution for near-threshold fatigue cracks. Two

separate methods have been used in present work,

involving (i) compliance change and crack-opening pro-

files from long-crack fatigue-crack growth experiments

and (ii) Raman spectroscopy, the latter method being
applicable even for small (�100 lm) bridging zones, as

in the YM-Si3N4.

Inspection of Fig. 1 makes clear that the thresholds

for the growth of long fatigue cracks far exceed those

for initial extension of an unbridged crack, rendering

each of these quantities unsuitable as simple design lim-

its. It is notable that for some short cracks, the velocities

initially decay and then accelerate, whereas for others
the rates effectively decay to zero. Whether one type of

behavior or the other occurs depends on the loading

conditions and the evolution of the bridging induced

increase in fracture resistance. The use of the threshold

R-curve allows an explicit description of this, which is

elucidated in the next section for cracks in infinite bodies

under constant stress conditions.

5.1. Reliability predictions

By expressing the fatigue threshold in terms of Kmax

as seen in Figs. 2 and 4, the fatigue threshold R-curve

can be plotted along with the fracture toughness

R-curve, outlining regimes of crack stability behavior

for both cyclic and monotonic loading conditions. Fig.

5(a) shows both the predicted fatigue threshold R-curve
from Fig. 4(a) plotted along with the fracture toughness

R-curve for the same alumina taken from Refs. [11,56].

Thus, R-curve results for both fatigue and fracture

behavior can be expressed on one simple plot. The com-

plete fracture toughness R-curve is not available for the

YM-Si3N4, but recent studies have shown that the

toughness rises quickly to a plateau level of

7:0 MPa
ffiffiffiffi
m

p
in <200 lm of crack growth [43,57]. Thus,

to illustrate the comparative behavior for this material,

a provisional but conservative R-curve was constructed

by assuming that it rises to the reported plateau level

at least as fast as the fatigue threshold R-curve initially

rises, shown in Fig. 5(b). For comparison, it has recently

been shown that the toughness of a dense Si3N4 material

that exhibits transgranular fracture is � 2:3 MPa
ffiffiffiffi
m

p

[57].
Based on the two R-curves, for monotonic loading

and the cyclic loading threshold, several curves are
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plotted (Fig. 6) for strength versus initial flaw size, ai
computed using:

r ¼ KRffiffiffiffiffiffi
pa

p ; ð9aÞ

dKapp

da
¼ dKR

da
: ð9bÞ

Here and in Fig. 6, the flaw size, a, refers to the full
length of a surface flaw, or half-length of a subsurface

flaw; the initial flaw is taken to be free of bridging.

Fig. 6 demonstrates the utility of the fatigue threshold

R-curves by plotting the predicted maximum cyclic
stress, rmax, just sufficient to cause fatigue failure, essen-

tially the fatigue endurance strength for R = 0.1, versus

the initial flaw size, ai. The endurance strength was cal-

culated analogously to the way monotonic strength is

predicted from fracture toughness R-curves:

rmax ¼
KTH

maxffiffiffiffiffiffi
pa

p ; ð9cÞ

dKmax

da

����
app

¼ dKTH
max

da
; ð9dÞ

as shown schematically in Fig. 7. Using such relation-
ships, predictions of reliability relevant to cyclic loading

conditions can be readily determined in the form of the

endurance strength as a function of flaw size and com-

pared with strengths for monotonic loading; this is

shown in Fig. 6. For maximum applied (cyclic) stresses

below this level, cracks would either not propagate, or

arrest after some amount of crack extension, while for

stresses above this predicted endurance strength, the
structure should fail after some amount of cycling.

Due to the high Paris exponents in ceramics, the number

of cycles to failure would be expected to be small, which

provides the motivation for reliability predictions based

on fatigue thresholds. For comparison two values of
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strength under monotonic loading are shown: one for

virgin material and the second for the case in which an

initial flaw has first grown under cyclic loading until ar-

rest at the fatigue threshold condition, termed the re-

tained strength. For the latter, the starting crack size
for the monotonic reloading is conservatively taken as

the initial flaw size plus the increment of crack extension

under cyclic loading at the endurance strength (i.e., af in

Fig. 7), but for both parts all bridging is discounted.

Also shown in Fig. 6 are the expected properties for

sapphire based on data from Refs. [58–61], and for

transgranular Si3N4 [57]. The strengths of both single

crystal and polycrystalline Al2O3 are reduced by testing
in moist environments, which even influences the

R-curves, as shown recently in Ref. [56]. To make com-

parisons more meaningful, strengths for sapphire were

computed using a toughness of 0.75Kc; this is used as

slow crack growth curves show that the subcritical

crack-growth thresholds occur at about 0.5Kc, where

Kc is for fracture in inert conditions or at higher velocity

[59,62–64], and the present testing is at intermediate
velocities.

Note that although both AD995 alumina and YM-

Si3N4 have similar intrinsic fatigue thresholds, KTH
o;max,

and long crack toughnesses, the Si3N4-based ceramic

has much higher predicted monotonic strengths and

endurance limits at relevant flaw sizes due to the more

steeply rising R-curves. This demonstrates how simply
using the intrinsic fatigue threshold as a design parame-

ter would be overly conservative since subcritically

growing cracks will often arrest in materials with rising

fatigue threshold R-curves. It is also evident from these

curves that a material with the rapidly rising and robust

R-curve can provide significant advantage over the
untoughened material in both monotonic and fatigue

situations. In contrast, for this Al2O3 material, the ben-

efits of toughening are virtually eliminated for any flaw

sizes of interest by comparison with the behavior of sap-

phire under cyclic loading. To reinforce these compari-

sons it is noted that the unreinforced materials are not

expected to exhibit crack growth induced by cyclic fati-

gue, so that the curves shown as virgin strength essen-
tially also denote the endurance and retained strengths.

5.2. Effects of load ratio

When considering the expected effect of load ratio on

the fatigue threshold R-curves seen in Fig. 4, it is noted

that the fracture toughness R-curve, which experiences

no cyclic loading, is essentially determined at a load ra-
tio of R = 1, i.e., the minimum and maximum loads are

equal (Fig. 5). It is be expected then that the R = 0.1 fa-

tigue threshold R-curve should be conservative for load

ratios higher than 0.1 since the fatigue behavior should

approach monotonic fracture as the load ratio is in-

creased. This is because as the load ratio is increased,

the value of DK, which determines the amount of bridg-

ing degradation, falls for a given value of KTH
max [41]. In-

deed, this notion is supported by fatigue data for

bridging ceramics which show an increase in the KTH
max fa-

tigue threshold with increasing load ratio over a range of

R from 0.1 to 0.9 [14,65,66]. Thus, for positive load ra-

tios less than one (i.e., tension–tension loading), it is ex-

pected that measurements at the minimum expected

service load ratio would result in a conservative fatigue

threshold R-curve for making predictions of reliability.
It then follows that predictions for positive load ra-

tios may be non-conservative for reversed loading (i.e.,

negative load ratios) since at a given Kmax value, DK
would be higher and the amount of bridge degradation

would be expected to be more severe. Unfortunately,

experimental data for R < 0 is limited (e.g., Refs.

[67,68]) and direct comparisons to data for 0 < R < 1

are unavailable. However, this notion would be in agree-
ment with compression-compression fatigue results

where R values exceed one; here, the fatigue resistance

is lower at higher load ratios (ranging from 2 to 8)

[69], suggesting that compressive cycling is progressively

more damaging with increasing load ratio.

5.3. Final comments

Only one sample of the Si3N4 was used in the present

work and served to demonstrate the applicability of the
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proposed methods. To obtain a conservative fatigue

threshold R-curve for design purposes, however, more

experiments would be needed to account for scatter in

the fatigue threshold, as seen for AD995 alumina in

Figs. 1(a) and 2. Moreover, as with AD995 alumina,

care must be taken to determine the predicted fatigue
threshold R-curve using conservative values.

The methods presented here are strictly only applica-

ble to functionally-short/small cracks, and the integral in

Eq. (7) should be redone to reflect the pertinent geome-

try. Where crack sizes approach the scale of characteris-

tic microstructural features, additional effects due to

limited sampling of the microstructure and residual

stresses may play more dominant roles. Lawn and
coworkers [35–37] have recognized and modeled the ef-

fects of the additional driving forces due to residual

stresses, e.g., from thermal expansion mismatch. Tensile

stresses that act around a grain under residual compres-

sion aid initial extension of a small adjacent flaw, with

this effect decaying as the crack grows out of the residual

field. If unaccounted, this can reduce the effective

R-curve for extension over dimensions of the order of
the size of the stressed grain, even to the extent of allow-

ing some spontaneous fracture. However, as the crack

grows beyond this residual field, the effective R-curve

can rise very rapidly and may quickly approach that

for a short crack. In that instance, the effect is to cause

a limiting strength at small flaw sizes rather than the

usual continued rise in the strength-flaw size curve. Such

effects could be added analytically in combination with
the experimentally-derived, short-crack R-curves. Also

chemical or microstructural heterogeneities may reduce

early parts of an R-curve and similarly limit the achiev-

able strength at small sizes.

Finally, the principles described here may be ex-

tended to other bridging materials and should not be

limited to ceramics. For brittle and semi-brittle materials

such as bridging intermetallic compounds and brittle
metal alloys (e.g., below the ductile-brittle transition

temperature) which have similarly high Paris exponents

(e.g., see Refs. [70,71]), the fatigue threshold should also

be the most relevant design parameter for cyclic loading

conditions, and a similar methodology could easily be

adopted provided accurate bridging stress profiles can

be determined. Furthermore, some high-cycle fatigue

situations, e.g., blades in gas-turbine engines, involve
very high cycling frequencies such that even relatively

ductile metals such as titanium- and nickel-base alloys

will fail quickly if the fatigue threshold is exceeded, pro-

viding limited useful service life. For materials used in

these high-cycle fatigue applications that experience

crack bridging, methods similar to those described here

could be applied. It is important to note, however, that

as materials become more ductile there will be an
increasing role of crack closure in affecting the fatigue

threshold which must be considered as well.
6. Conclusions

Based on an experimental study of fatigue-crack

growth thresholds in grain-bridging ceramics (Al2O3

and Si3N4), the following conclusions are made:

1. The effect of crack size on the threshold for fatigue-

crack growth may be expressed in terms of a fatigue

threshold R-curve, which is analogous to the classical

fracture toughness R-curve and may be used for pre-

dictions of the endurance strength under cyclic load-

ing conditions.

2. Using measured bridging stress profiles, the fatigue

threshold R-curve for short cracks may be predicted
based solely on results from many millimeter long,

through-thickness, fatigue cracks. Direct compari-

sons of predictions to experimentally measured fati-

gue-crack growth thresholds in AD995 Al2O3 over

a range of crack sizes demonstrate the accuracy of

such methods.

3. The methods presented here offer a basis for an alter-

native to difficult and costly short/small crack fatigue
experiments needed to determine the fatigue behav-

ior, i.e., the threshold for crack growth and the

retained strength after fatigue crack arrest, at relevant

crack sizes for ceramic materials. However, work

remains to assess modifications proposed for applica-

tion to microstructurally-small cracks.

4. These methods provide a tangible means to assess

the expected degradation of toughening mechanisms
for cracks in ceramics subjected to cyclic loading.

Although the cracking resistance is invariably

degraded by cyclic loading, in some instances such

degradation offsets any benefits of toughening for

flaw sizes of any interest; whereas, in situations with

sufficiently rapidly rising and resilient R-curves, then

even with the degraded bridging, short cracks will

arrest after a small amount of growth, leaving signif-
icant useful residual strength. Such behavior can be

quantitatively described based on relatively accessi-

ble measurements of either threshold R-curves

directly or bridging functions from long, near-

threshold fatigue cracks, and these methods may

be extended to bridging materials other than ceram-

ics as well.
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