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The mechanical behavior of four rare earth (RE)-Mg-doped
Si3N4 ceramics (RE5La, Lu, Y, Yb) with varying grain-
boundary adhesion has been examined with emphasis on
materials containing La and Lu (which represent the extremes
of RE ionic radius). Fracture-resistance curves (R-curves) for all
ceramics rose very steeply initially, giving them exceptional
strength and relative insensitivity to flaw size. The highest
strength was seen in the Lu-doped material, which may be
explained by its steeper initial R-curve; the highest ‘‘apparent’’
toughness (for fracture from millimeter-scale micronotches) was
seen in the lowest strength La-doped material, which may be
explained by its slowly rising R-curve at longer crack lengths.
Excellent agreement was found between the predicted strengths
from R-curves and the actual strengths for failures originating
from natural flaws, a result attributed to careful estimation of
the early part of the R-curve by deducing the intrinsic toughness,
K0, and the fact that this portion of the R-curve is relatively
insensitive to sample geometry. Finally, it was found that RE
elements with relatively large ionic radius (e.g., La) tended to
result in lower grain-boundary adhesion. This implies that there
is a small window of optimal grain-boundary adhesion which
can lead to the fastest rising R-curves (for short cracks) and
the highest strengths. The importance of this work is that it
reinforces the notion that factors which contribute to the
early part of the R-curve are critical for the design of ceramic
microstructures with both high strength and high toughness.

I. Introduction

MONOLITHIC ceramics can now be developed with micro-
structures that promote significant extrinsic tougheningzz;

these materials tend to exhibit superior strength and fracture

toughness, properties which result in a wider range of potential
commercial applications. One successful approach is to sinter
ceramics, such as Si3N4, SiC, or Al2O3, with additives that give
(i) sufficiently weak grain boundaries and (ii) bimodal grain dis-
tributions and/or high aspect ratio self reinforcing grains.1–8

These structures fail predominantly intergranularly, which leads
to extrinsic toughening via crack deflection and crack bridging.
Although the basic microstructural features which promote this
behavior are well-known, the details of how those features relate
to overall strength and toughness are still not well understood,
which sometimes leads to unexpected results. For example, con-
sider recent studies where a series of Si3N4 ceramics were sintered
with MgO along with various rare-earth oxides (RE2O3) in order
to systematically vary the grain-boundary adhesion while keeping
the morphology of the microstructures essentially invariant.9,10

Using a large RE31 cation such as La31 gave, as was anticipated,
the weakest boundaries, the most observed grain bridging, and
the highest toughness as measured by micronotched bend beams;
however, the La-doped material unexpectedly exhibited the low-
est flexural strength (Fig. 1). Furthermore, the converse was true
for the materials doped with the relatively small cation Lu31,
which exhibited less bridging and the lowest micronotch tough-
ness, yet the highest strength (Fig. 1). Unpaired Student’s t-tests
(N55 for toughness, N530 for strength) show that these differ-
ences are statistically significant; indeed, for both properties
the La and Lu doped samples are significantly different with
po0.0001. Furthermore, one of the intermediates for the tough-
ness (Yb), and all three for the strength (Yb, Y, Sm), are signifi-
cantly different than both the La and Lu extremes.

Such results clearly indicate that developing microstructures
that simply promote more bridging and a higher apparent
(single-value) fracture toughness may not give the best overall
mechanical properties, in particular a combination of high
strength and toughness. This suggests that a more sophisticated
understanding of the interrelations between fracture toughness,
strength, and grain-boundary adhesion is needed to optimize ce-
ramic microstructures for structural applications. Accordingly,
the purpose of this paper is to present a further examination of
these same RE–Mg-bearing silicon nitrides; new results along
with recent observations on other bridging ceramics are used to
provide a more comprehensive picture of the fracture toughness,
strength, and grain-boundary adhesion relationship in grain-
bridging ceramics. Additionally, the usefulness of carefully
constructed R-curves for predicting the behavior of naturally
occurring flaws, in terms of the fracture strength, is demonstrated.

II. Background

Extrinsic toughening via grain-bridging involves intact grains
that span across the crack flanks and sustain part of the
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applied load that would otherwise be experienced at the crack
tip, thereby effectively toughening the material by lowering the
near-tip stress intensity, Ktip, relative to the applied stress inten-
sity, Kapp, thus:

Ktip ¼ Kapp � Kbr (1)

where Kbr is the bridging stress intensity. Grain bridging occurs
as a result of intergranular fracture, and accordingly, the bound-
aries must be sufficiently weak to provide a preferential crack
path. Assuming a pull-out based model in which the maximum
pull-out distance of the grain-bridging zone is invariant, a
reduction in boundary adhesion, and accordingly the local
intrinsic fracture resistance at the boundary, should increase
the steady-state bridging, as Kbrp1/Ktip,

11–13 by allowing for
more high-angle deviations from the mode I crack path that
should give a more tortuous path, more bridging, and less trans-
granular fracture. In consequence, higher toughness might be
expected when lowering the boundary adhesion in polycrystals
as well. This would be consistent with behavior in brittle matrix
composites, where it is well known that lowering the fiber-matrix
interface toughness or sliding resistance yields more pull-out and
greater net toughening.14–16 This has sometimes led to an
expectation that the fiber/matrix interfaces should be as weak
as possible to achieve high toughness for brittle matrix compos-
ites. However, even for long fiber composites it has more re-
cently been recognized that if the pull-out length is extremely
long it can eventually become detrimental. Thus, there is a trade-
off between achieving ever high values of apparent toughness,
and the peak strength being reduced by fiber failure which in-
creases in probability as the length of loaded fiber increases.

In monolithic bridging ceramics, overly weak boundaries
may similarly degrade strength by essentially flattening the
early portion of the R-curve. This has been observed in a study
on alumina where instead of changing the boundaries them-
selves, the environment was altered to affect the grain-boundary
strength.17 Experiments performed in a moist (laboratory air)
environment showed that the intrinsic boundary toughness, K0,
was roughly 30% lower than when tested in a dry N2 environ-
ment. Additionally, the R-curves rose initially more slowly
in moist air, eventually crossing over with the dry R-curves
after several millimeters of growth. Steep initial slopes are highly
desirable for R-curves because allowable flaws in ceramics
are necessarily small due to the overall low magnitude of the
toughness; hence, materials that achieve high toughness at small
crack lengths also achieve high strength. Indeed, there are

considerable data in the literature to support the higher strength
of alumina in dry relative to moist environments,13,18–22

although it is only recently that the changing shape of the
R-curve has been shown to be a key contributor to this effect.17

Such results imply that there is a small ‘‘window’’ of optimal
grain-boundary strength for promoting both high strength and
fracture resistance in bridging ceramics. While excessively strong
boundaries lead to transgranular cracking with neither bridging
nor toughening, it appears that overly weak boundaries are also
detrimental due to shallower R-curves and lower resultant
strengths. The present paper seeks to examine new and previ-
ous results on RE–Mg oxide doped silicon nitride ceramics in
this context to better understand the interrelations between frac-
ture toughness, strength, and grain-boundary adhesion.

III. Experimental Procedures

(1) Materials

Ceramic bulk samples of the five-component system Si–RE–
Mg–O–N (with RE5La, Lu, Y, or Yb) were prepared with a
constant composition in equivalent percent so that all compo-
sitions contained the same atomic amount of the RE element.yy

Full details on materials preparation may be found in Satet and
Hoffmann,9 but briefly, powders were prepared by attrition
milling in isopropanol and the slurries were subsequently dried
and the powders sieved. Green bodies were uniaxially pressed
and then subsequently cold-isostatically pressed with 400 MPa.
Samples of different compositions were sintered at different
temperatures and dwell times in order to tailor the microstruc-
tures to essentially equivalent grain sizes and morphologies. The
samples were sintered in a hot-isostatic-press (HIP) with a two-
step sinter-HIP process, where closed porosity is obtained at low
N2 pressures during the first sintering step and full density is
achieved during the subsequent HIP step at a maximum nitro-
gen pressure of 10 MPa. Full density (water immersion method)
is defined here for relative densities 499% of theoretical den-
sity, which was calculated by the rule of mixtures based on the
starting compounds.

Additionally, to further investigate the crack kinking behav-
ior of individual grains, oversaturated RE–Si–Mg oxynitride
glasses using RE5La, Lu were prepared such that isolated sil-
icon nitride grains were precipitated in a glass matrix approx-
imating the grain-boundary phase composition in the above
ceramics. Full details on the preparation of these samples can be
found elsewhere,10,23 and accordingly are only briefly outlined
here. Powder mixtures were prepared by ball milling the proper
amount of Si3N4, SiO2, MgO, and RE2O3 for 1 h in isopropanol
using Si3N4 grinding media. The equivalent ratio for the cations
was maintained constant at 20RE:60Si:20Mg and the Si3N4

content exceeded the solubility of each glass by 2–4 eq%.
Depending on the molar mass of the rare-earth (RE), this cor-
responds to 1.3–1.5 vol% of Si3N4 available to precipitate out of
the glass. Glass beads were prepared by heating cold-isostati-
cally pressed green bodies for 0.5 h at 17101C under 2 MPa of
N2 and subsequently shutting off the furnace giving a cooling
rate of 251C/min between 17101 and 11001C. Subsequently,
cyclic annealing was performed at 16001C to precipitate Si3N4

grains and monitor grain growth, while the total annealing time
for the samples used in this study was 18 h.

(2) Fracture Testing

To determine R-curves, i.e., fracture resistance, KR, as a func-
tion of crack extension, Da, standard compact-tension, C(T),
specimens (width, W�19 mm; thickness, B�3.5 mm) were
machined from the fully dense pieces. Each specimen was razor
micronotched to achieve small notch root radii, r�15 mm, by
repeatedly sliding a razor blade over the machined notch in the
presence of a 1 mm diamond slurry. Razor-notched samples were

Fig. 1. Plot from Satet et al.10 showing the increase in apparent tough-
ness (square symbols), but decrease in strength (triangle symbols),
with increasing ionic radius of the RE element. For toughness the
mean of five tests is given, and the error bars represent the standard
deviation. For strength, Weibull analysis was carried out and the char-
acteristic strength is given, with the error bars representing the 95%
confidence intervals.

yyThe term rare-earth (RE) will be used here in a broader acceptation for both lanthanides
and the chemically similar Group IIIb additives
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then precracked by cycling using servo-hydraulic test machines
(25 Hz sine wave, load ratio R5Pmin/Pmax5 0.1) while occa-
sionally raising Pmax until the onset of cracking, as revealed by
an increase in compliance (i.e., slope of the back-face strain ver-
sus load curve). R-curve tests were then conducted by loading
the precracked specimens in displacement control while episod-
ically unloading by B10%–20% of the peak load to ascertain
the crack lengths.24 Crack lengths were monitored during the
occasional partial unloading based on strain gauges mounted on
the back face of the specimen along with standard C(T) com-
pliance calibrations.25 Crack lengths were periodically verified
by unloading the specimens and examining them using optical
microscopy. Discrepancies in the crack length were corrected by
assuming that the error accumulated linearly with crack exten-
sion over the portion of the R-curve just previously measured.
Fatigue precracks were grown only to Daf5B20–200 mm be-
fore measuring R-curves to minimize the initial bridging, where
Daf is the length of the fatigue-crack extension from the
machined notch, i.e., Daf5 a–a0. Here, a refers to the crack
length at any given time, and a0 refers to the initial notch length.
Such initial crack lengths were long enough to not be affected by
the presence of the micronotches; indeed, the effect of the notch
field is effectively diminished once the crack has extended a dis-
tance of at least one root radius, r, away.26

(3) Crack Profiles and K0 Determination

Qualitative observations of crack paths and fracture surfaces
were made using a field-emission scanning electron microscope
(FESEM). Additionally, to assess the magnitude of the intrinsic
toughness, K0, crack-opening displacements, u(x), were mea-
sured quantitatively on samples loaded in situ in the FESEM,
where x is the position along the crack wake with origin at the
load line. The crack-opening displacement data were used to
directly deduce estimates for the intrinsic toughness, K0, using a
two-term solution for the shape of a bridged crack27:

uðxÞ ¼ K0

E0

Z a

x

hðx; a0Þda0 þ A1

E0

Z a

x

ðaa0Þhðx; a0Þda0 (2)

In Eq. (2), E 0 is the plane strain modulus (E 05E/(1�u2)
where E is Young’s modulus and u is Poisson’s ratio) and the
unknowns K0 and A1 may be determined using a least-squares fit
to the experimental u(x) data. In both cases, h for the C(T)
specimen was used, viz28:

h ¼
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2
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2
4

3
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where the coefficients Anm are given in Fett and Munz.28 This
method was used for one La and one Lu-doped specimen.

(4) Crack Kinking Experiments

To directly investigate variations in the adhesion between the
silicon nitride grains and the grain-boundary glass phase, a
method similar to that developed by Becher et al. was
used.29,30 Specifically, Vickers indents were placed with a 1 N
load in the oversaturated oxynitride glass samples in the vicinity
of various Si3N4 grains in order to generate cracks that impinged
on the Si3N4 grains (Fig. 2). The angle of incidence, y, was
varied and the length of the debond, ldb, of the interface between
the grain and the glass was measured in a SEM. During these
experiments, the ratio of the intersecting crack length, lint, to
the nominal crack length, l0, was kept approximately constant,
lint/l0B0.5.

(5) Critical Flaw Size Evaluation

To correlate four-point bending strength data from previous
studies9,10 with the R-curve data from the present study, careful
SEM analysis of the fracture surfaces of the failed bending
beams was conducted to assess the radius of the critical flaws
that caused fracture. In those studies, 3 mm� 4 mm� 50 mm
unnotched beams were loaded in four-point bending until failure
and the resulting strengths reported on the basis of the maxi-
mum flexure stress. In this study, those strength values were re-
vised based on the stress level at the actual flaw location rather
than the maximum bending stress to give an effective strength
that directly corresponds with the individual flaws. R-curve data
were then used to predict the strength of each Si3N4 material as a
function of initial flaw size using standard techniques based on
the stress intensity equation for a penny shaped flaw.31 The
applied stress, sapp, equals the fracture strength for an initial
penny shaped flaw radius of ai when the following two condi-
tions are satisfied:

Kapp ¼ 2sapp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Daþ ai

p

r
¼ KR and

dKapp

da
¼ dKR

da
(4)

where KR is the fracture resistance from the R-curve. Predictions
based on Eq. (4) and the R-curve data are then compared with
the actual strength-flaw size data.

IV. Results

(1) R-Curve and K0 Results

R-curve results were limited owing to experimental difficulties.
Although three or four specimens were precracked for each
composition, specimens with highly asymmetric precracks were
excluded from R-curve testing. As a result, only one or two
R-curves were obtained for each material, as illustrated in Fig. 3.
In this figure, part (a) shows the fracture resistance in terms of
the absolute stress intensity; it also shows the deduced K0 values
for the La-, Lu-, and Y-doped materials as well as a range of
reportedKc values (B2.0–2.2 MPa �m1/2) for transgranular frac-
ture in Si3N4 where the R-curve is flat.

32,33 The K0 value for the
Y-doped sample was taken from another study where micro
Raman spectroscopy was used to measure the bridging stress-
es.34 In all cases, the deduced K0 values for the present materials
fall below the K0 values for transgranular fracture, as is expected
due to the weaker intergranular crack path.

Figure 3(b) shows the same R-curves normalized to the nom-
inal ‘‘peak’’ toughness for each material, which is useful for
making a more clear comparison of the R-curve shape for each
material. A dramatic difference in R-curve shape is seen when
comparing the Lu and La-doped R-curves. The R-curve for the
La-doped sample rises initially more slowly at short crack
lengths, and continues to rise over 2 mm of crack extension
until the test was concluded. Conversely, the Lu-doped material
reached its peak toughness much more quickly, followed by
a gradual loss in fracture resistance with further extension.
Although the data are incomplete at the shortest crack lengths,
the Y-doped sample also exhibits a similar decline in fracture

Fig. 2. Schematic of the interfacial adhesion tests using Vickers indents.
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resistance after an initial peak toughness value is achieved. Data
for the Yb-doped material are too limited to make any detailed
comparisons.

(2) Crack Kinking Results

Qualitative observations of crack paths in previous studies have
suggested that the tendency for the crack to kink increases with
increasing ionic radius of the RE31 cation.9,10 Figure 4 shows
quantitative data comparing the behavior of the La-doped ma-
terial, with the largest ionic radius, to the Lu-doped material,
with the lowest ionic radius. In Fig. 4, it is clearly seen that the
critical angle of incidence, y, for glass–Si3N4 debonding is much
lower in the Lu-doped material compared with the La-doped
material, indicating greater adhesion between the glass and
Si3N4 grains. This implies greater crack kinking ability for the

La-doped Si3N4 bulk ceramic samples, as has been qualitatively
observed previously.

(3) Strength-Flaw Size Results

Figure 5 shows a plot of effective four-point bending strength as
a function of the initial flaw size (radius) determined from the
fractographic examinations. In general, flaws in all the samples
were similar in appearance and were either voids or inclusions,
one example of each is shown in Fig. 6. Also shown is the
expected trend for untoughened Si3N4 with transgranular frac-
ture (flat R-curve) assuming a simple penny-shaped crack (flaw)
using the equation:

sfrac ¼
KIc

2

ffiffiffi
p
a

r
(5)

where sfrac is the fracture strength, a is the flaw radius, andKIc is
the fracture toughness (B2.0–2.2 MPa �m1/2). By comparing the
data to Eq. (5), it can be seen that the strength of these RE–
Mg-doped Si3N4 ceramics are much less sensitive to flaw size
than their untoughened counterparts, as is expected.

Fig. 3. R-curves measured for various RE2O3-doped Si3N4 ceramics
using fatigue precracked C(T) specimens. In (a), the R-curves are given
in terms of the actual stress intensity, while in (b), the R-curves were
normalized to the peak toughness to clearly show the change in shape
with sintering additive. Values of K0 were deduced for two samples
(La and Lu doped) from measured crack-opening profiles in R-curve
samples, while K0 for Y-doped material was taken from Kruzic et al.34

Also shown are typical data for a Y2O3 doped Si3N4 that exhibits
transgranular fracture.

Fig. 4. (a) A representative micrograph of a crack impinging upon a
Si3N4 grain and causing debonding. (b) The debonding length, ldb, is
plotted as a function of the incident angle, y. The critical angle of
incidence is clearly lower for the Lu doped sample, indicating stronger
adhesion between the glass and the Si3N4 grain.
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Also shown in Fig. 5 are the strength predictions made using
the R-curve data from Fig. 3 and Eq. (4). Figure 7 shows a close
up view of the early part of the R-curve, including the estimated
behavior between K0 and the first data point and a graphical
example of how the fracture strengths were deduced. For a given
initial flaw size, Eq. (4) is satisfied for the stress that causes the
Kapp curve (dashed line) to just become tangent to the KR curve
(solid line). In Fig. 7, an example is shown for an initial flaw size
of 40 mm.

Several features about the strength predictions are worth not-
ing. First, there is generally good agreement between the experi-
mental strength data and the predicted curves. Second, the
strength of the Lu-doped material is predicted to be higher over
the range of flaw sizes relevant for naturally occurring flaws
(i.e., r100 mm), which is in agreement with the effective strength
results. While one might argue slightly different early R-curves
could be drawn, this does not change the good overall matching
with the data. Finally, there is a predicted crossover in the strength
for millimeter scale flaws, which is in general agreement with the
toughness results obtained in Satet et al.9,10 that used 1–1.2 mm
long razor micronotches to assess the fracture toughness.

V. Discussion

(1) R-Curves and Strength Predictions

First, we note that although it is not usually considered as
such, the R-curves for extrinsically toughened ceramics should
necessarily initiate at a stress-intensity level at or below that
to crack a grain (i.e., a single crystal), Ksx, and generally closer to
the level for cracking a grain-boundary facet, Kgb, because
these ceramics largely fracture intergranularly. After initiation,
the R-curve should then rise as extrinsic toughening develops
until possibly attaining a steady-state (plateau) value if the
specimen dimensions are large relative to the bridging zone
size. A recent review by Munz35 brings attention to the prob-
lem that most published R-curves for macroscopic cracks do
not agree with those measured for natural flaws. However,
invariably all the macrocrack R-curves discussed in that paper

begin at stress-intensity values well above the single crystal tough-
ness. There are several reasons why this issue persists throughout
the R-curve literature.

1. Pre-existing extrinsic toughening for long precracks. Often
R-curves using macroscopic cracks are measured from either
fatigue or quasistatically induced precracks that may be several
millimeters in length.36–40 However, even when the sample is
fatigue cycled near the fatigue threshold in order to degrade the
toughening, significant toughening can still be associated with the
precrack. While this fact is evident from the unrealistically high
‘‘initiation’’ values on R-curves from fatigue precracks,36–40 more
recently this has been demonstrated using combined fatigue and
crack-opening profile experiments for a bridging alumina.34,41

2. Overdriving cracks grown from notches. A second
approach to measuring R-curves involves growing cracks direct-
ly from starter notches.42–44 In this case, the issue of preexisting
extrinsic toughening is eliminated; however, due to the lower
stress concentration around a blunt notch relative to a sharp
crack, the initiation point of the R-curve is invariably overesti-
mated. This is because a crack coming from a notch is over-
driven, and there is invariably an unstable jump in crack
length.45 Then, until the crack extends more than B1 notch
root radius, r, the stress intensity at the crack tip is further
affected by the notch.46 This situation has recently been exam-
ined in detail by Fett and Munz.45

3. R-curves initially rise very quickly. In the present and
other recent studies,17,41 care has been taken to measure the
R-curve from the shortest precracks possible, using sharp razor
micronotches, and ensuring that aprecrack4r in an attempt to
attain the best attributes of both methods listed above. Howev-
er, as can be seen in Fig. 3 and Kruzic et al.,17,41 the R-curves
generally rise so steeply that the first data points collected are

Fig. 5. The measured effective fracture strengths of four-point bending
beams from Satet et al.,9,10 here plotted as a function of the initial flaw
size determined from fractographic examination. Also shown is the
expected trend for untoughened Si3N4 with transgranular fracture (flat
R-curve) assuming a penny-shaped flaw. It is apparent the strength of
these RE–Mg-doped Si3N4 ceramics are much less sensitive to flaw size
than their untoughened counterparts. Finally, predictions of the strength
flaw size relations made from the R-curves are shown for the Lu- and
La-doped materials. Note the good agreement with experimental data
and the predicted crossover at large flaw sizes.

Fig. 6. Typical flaws that caused failure in the four-point bend strength
samples and that were measured to produce Fig. 5: (a) shows an inclu-
sion in a Lu-doped sample, while (b) shows a void marked by the arrow
in a La-doped samples. Both types of flaws were commonly found in all
the samples.
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well above any reasonable value for the intrinsic toughness.
Insight into the cause of this steep initial rise has recently
be obtained through cohesive-zone modeling,47 and will be
discussed further in Section V(3).

Additionally, this situation is clouded by two factors, namely:
(i) for a very small crack having all areal dimensions of the order
of the grain size, the effects of local residual stresses, e.g., from
thermal expansion mismatch, may influence the effective tough-
ness, even lowering it below that for the boundary facet for a
critical flaw11–13; or (ii) for a very short crack, which in the hy-
pothetical limit is a ribbon of through-thickness crack but with a
being less than a grain facet long, the residual stress effects tend
to cancel, but the inevitable kinks and twists raise the initiation
toughness above the average for the actual boundary facets.zz

Regardless, the early part of the R-curve is most important for
reliability and strength, although it is rarely measured accurately,
if at all, in studies using macroscopic cracks.

Recently, a hybrid approach has been developed whereby the
R-curve is measured using traditional macrocrack specimens,
but beginning with micro-scale short precracks emanating from
razor micronotches. These R-curve measurements are then sup-
plemented by separate experiments to assess the intrinsic tough-
ness either by measuring the crack-opening displacements or by
using micro Raman spectroscopy, and the early part of the
R-curve in drawn back to that point.17,34,41 While those authors
have conjectured that such an approach should allow reason-
ably accurate predictions of short and/or small cracks, the re-
sults in Fig. 5 represent the first verification that this method can
reasonably predict the behavior of naturally occurring flaws.

The predicted curve for the Lu-doped material demonstrates
remarkable agreement with the experimental data, while the
curve for the La-doped material appears slightly underestimat-
ed. Furthermore, the predicted flaw size where the strengths
should cross-over is somewhat overestimated. The notches used
to obtain the fracture toughness data in Fig. 1 were on the order
of 1–1.2 mm in length, so the true crossover size should be on
the order of 100’s of micrometers rather than several millimeters

as is predicted in Fig. 5. Both of these inconsistencies are likely
due, at least in part, to a slight underestimation in the steepness
of the earlyR-curve for the La-doped material. Indeed, a slightly
steeper R-curve would shift the La-doped predictions up, im-
proving the agreement for both the strength data and the cross-
over flaw size. Based on the R-curve data in Fig. 7, arbitrarily
drawing a steeper R-curve would be inappropriate; however,
with improvements in techniques to obtain the early part of
R-curves it is expected that the agreement with the experimental
data will also improve. Methods based on measuring the bridg-
ing stress distribution and deducing the early R-curve appear to
be especially useful here when coupled with carefully measured
R-curve data.

Finally, the question remains why, when previous studies
have shown unequivocally that sample geometry can affect
R-curve shapes,48,49 do the R-curves from C(T) specimens pro-
vide a good estimate of the behavior of natural flaws in bend
beams. To answer this question, it must be recognized that there
is a distinct difference between the Si3N4 ceramics in the present
study and the coarse-grained aluminas in those studies. Coarse-
grained aluminas have slowly rising R-curves and bridging zones
that extend generally extend 410 mm in length, often too long
to ever reach a steady-state plateau toughness with regular-sized
specimens.41,49–51 Clearly a large-scale bridging condition exists
for those experiments; indeed, the bridging-zone size is often
similar to the specimen dimensions. It is generally thought that
the bridging-zone length is dictated by a critical crack opening,
beyond which all bridges must fail. Thus, since the crack-open-
ing profile for cracks on the millimeter scale in typical samples
will be dictated by the overall sample geometry, it is clear that
the bridging-zone length and the shape of the R-curve will
similarly be geometry dependent.

In the case of the present silicon nitrides, based on the fast
rising R-curves (Fig. 3) and studies on the fatigue crack bridging
zone in the Y-doped material,34 the expected bridging-zone
length is roughly 1–2 orders of magnitude smaller. A condition
of small-scale bridging thus exists. Accordingly, the crack-
opening profile in the bridging zone will be dictated mostly by
the near-tip crack-opening behavior, such as is described the
well-known Irwin solution:

uðxÞ ¼ Ktip

E0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8ða� xÞ

p

r
(6)

after being corrected for the influence bridging stresses. The no-
tation used in Eq. (6) is identical to that used in Section III(3),
and such near-tip crack-opening behavior is insensitive to over-
all sample geometry because the higher-order terms associated
with specimen dimensions become negligible near the crack tip.
Accordingly, the R-curves for the present Si3N4 ceramics are
largely geometry-insensitive for the samples used due to the fact
that small-scale bridging conditions prevailed. A possible excep-
tion to this is the La-doped material, which shows a slow rise in
the R-curve over at least 2 mm. In that case, the predictions at
large flaw sizes may be affected by specimen geometry; indeed,
this is another possible reason why the cross-over flaw size was
overestimated in Fig. 5. However, it is expected that the early
part of the La-doped Si3N4 R-curve that determines the strength
for natural flaws would be unaffected by geometry.

Finally, while it is possible that similar correlations between
strength and R-curve behavior will not work as well in coarse-
grain aluminas for the above reasons, this is not necessarily the
case. Because strength predictions for natural flaws only require
the early part of the R-curve, and the early part of the R-curve
should be largely geometry-independent according to Eq. (6), it
is quite possible that good agreement will exist between strength
predictions from carefully constructedR-curves using C(T) spec-
imens and actual measured fracture strengths from samples with
natural flaws. Of course, the same would not be expected for
large flaws, but they are of significantly less interest compared
with natural flaws. In the large flaw case, it should be expected

Fig. 7. Close-up view of the early R-curves for the Lu and La-doped
silicon nitrides illustrating how the R-curves determine the strength ver-
sus flaw size predictions in Fig. 5. Note, at small initial flaw sizes, ai, the
early part of the R-curve is the most important for determining the
strength. In this example, Eq. (4) (dashed line) is plotted for ai5 40 mm
and an applied stress of 510MPa which is the predicted fracture strength
for the La-doped Si3N4 at that flaw size.

zzThe terminology used here is that short cracks are small only with respect to length,
whereas small cracks are small with respect to width and length.
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that different strategies would become necessary. For example,
one approach would be to convert the R-curve to represent the
appropriate sample geometry by deducing or measuring the
bridging stress function.48

(2) Intrinsic Effects: Estimation of K0

In this study, K0 estimates were found to be similar for both the
La-doped (1.0 MPa �m1/2) and Lu-doped (0.9 MPa �m1/2) spec-
imens, and somewhat lower than the value of 1.4 MPa �m1/2

obtained in another study for the Y-doped material using
Raman spectroscopy methods.34 All the K0 values for these
RE–Mg-doped Si3N4 ceramics were lower than for a commer-
cial Y–Al-doped Si3N4, where a value of 1.7 MPa �m1/2 was
found using similar crack-opening profile methods.52 Clearly,
some variation in K0 should be expected between different Si3N4

ceramics; however, based on Fig. 4 and previous crack-path
observations, it is apparent that K0 should be lower in the
La-doped materials relative to the Lu-doped material. It is im-
portant to point out though that in all the above cases, the K0

values are well below the grain toughness, estimated to be
Ksx�2.0–2.2 MPa �m1/2 from Si3N4 ceramics that failed trans-
granularly,32,33 and thus likely represent something closer to
the toughness of the glass phase at the grain boundaries, Kgb.
Indeed, the values obtained in the present study are similar
to what has been reported for a Y–Si–Al oxynitride glass, B1
MPa �m1/2,53 which is not unreasonable considering the similar
compositions of the grain-boundary phases in the present study.
Finally, another study using the Raman spectroscopy based
techniques found K0 5 2.7 MPa �m1/2 for a different Y–Al-
doped Si3N4, which is a significant overestimate considering
that Ksx�2.0–2.2 MPa �m1/2 and predominantly intergranular
fracture was observed.54

Based on a two-dimensional model,55 if the ratio Kgb/
Ksxr0.5, then kinking occurs readily allowing a crack to deflect
onto any intersected grain boundary. In that case, the fracture
should be entirely intergranular, which is not quite seen here,
possibly owing to the simplicity of a two-dimensional represen-
tation or to Kgb/Ksx not being quite so low. Thus, while the K0

values deduced in this study are likely underestimates, they are
not unreasonable and fall at the low end of the expected range.

(3) Extrinsic Effects: Bridging-Zone Development

Increases in grain-boundary adhesion derived using different
additives have been found to yield initially steeper R-curves in
these RE1Mg bearing Si3N4 ceramics (Fig. 3). Such results are
similar to what has been observed in alumina where the grain-
boundary strength was altered by changing the environment
(moist versus dry) rather than the sintering additives.17 In that
study, it was concluded based on significantly reduced hysteresis
in the compliance measurements that the stronger grain bound-
aries (i.e., dry environment) induced a shift in the predominant
bridging mechanism from frictional to uncracked-ligament
bridging. Uncracked-ligament bridges are usually seen as re-
gions of intact material, often several grain diameters in size,
between noncoplanar crack segments in the wake of a crack tip
which form as a result of either nonuniform advance of the
crack front (leading to segments subsequently sweeping under
and over one another), or nucleation of microcracking ahead of
the main crack tip. Measurements of bridging stresses using
X-ray fluorescence, Raman spectroscopy, and crack-opening
profile techniques on alumina and Si3N4 have shown a large
abrupt drop in bridging stress beyond the regions containing
uncracked-ligament bridges, suggesting that these bridges sus-
tain markedly higher stresses than do frictional bridges further
behind in the trailing crack wake.41,54,56–58

Work on silicon carbide has also shown that changes in the
interface chemistry and structure can cause a noticeable shift to
more uncracked-ligament versus frictional bridging.40 In those
SiC ceramics, both the nominal fracture resistance and the
fatigue threshold were improved with more elastic bridging.
Uncracked ligaments were argued to better resist fatigue loading

because frictional wear is less effective for bridge degradation,40

but concomitant microstructure changes (grain size, aspect
ratio) in that SiC study made isolation of the various effects
of interface chemistry/structure intractable. However, both the
present study, which used nominally the same microstructure for
all the materials, and the work of Kruzic et al.17 on alumina in
moist and dry environments, where the microstructure and
chemistry remained definitively unchanged, observed similar
trends. Thus, based on the collective results on Si3N4, Al2O3,

17

and SiC,40 it is becoming increasingly clear that shifts to more
elastic bridging and the associated steeper R-curves are likely
related to stronger boundaries, and this trend appears to be
ubiquitous among bridging ceramics.

Although uncracked-ligament bridges are known to operate
nearer to the crack tip than do frictional ones,41,54,57–60 it has
generally been unclear why such bridges should be so strong or
cause such a rapid rise in fracture resistance at very small crack
lengths. Recent two-dimensional cohesive-zone modeling studies
have provided some insight by demonstrating that for a crack
intersecting a single grain, significant toughening above that for
simple crack kinking is generated during the bridge formation
process, even before the crack has propagated far enough for a
bridge to form.47 In that study, depending on the orientation and
aspect ratio of the grain, either complete debonding occurs, cre-
ating a frictional bridge, or a new crack nucleates ahead, creating
an uncracked bridge. While the specific role of boundary strength
was not examined in that study, it would seem to follow that
stronger boundaries could make the scenario where total debond-
ing occurs less likely, and/or delay the failure of uncracked bridg-
es that do form; this would explain the higher concentration of
uncracked bridges observed by Kruzic et al.17 for alumina.

Evidently, while sufficiently weak boundaries are essential for
toughening via bridging in ceramics, it appears that the optimal
‘‘window’’ for boundary strength is small. Indeed, if boundaries
are weaker than optimal, the R-curves rise less steeply, strength
is lower, and fatigue is a larger problem due to the higher pro-
portion of frictional bridging. Of course, it is also obvious that
too much boundary strength leads to transgranular fracture and
no extrinsic toughening, as is well illustrated for specific SiC- or
Si3N4-based materials.32,37,61

VI. Conclusions

Based on a study of the fracture, strength, and grain-boundary
adhesion properties of RE–Mg-doped silicon nitride ceramics,
the following conclusions can be made.

1. The R-curves for all the RE–Mg-doped Si3N4 ceramics
rise initially very steeply at short crack lengths relative to other
bridging ceramics (Al2O3, SiC) giving them their exceptional
strength and relative insensitivity to flaw size.

2. When comparing the extremes of grain-boundary adhe-
sion (Lu and La), the high strength of the Lu-doped material
may be explained by the steeper initial R-curve. Furthermore,
the seemingly contradictory higher ‘‘apparent’’ toughness for
millimeter-scale micronotches may be explained by the slowly
rising R-curve for the La-doped material at longer crack lengths.
Thus, single value toughness assessments can be misleading for
understanding the strength of bridging ceramics.

3. There is remarkable agreement between the predicted
strengths from R-curves measured on C(T) specimens and the
actual strengths plotted as a function of initial natural flaw size.
This good agreement is attributed to careful estimation of the
early part of the R-curve by deducing K0 and the fact that the
early part of the R-curve should be largely insensitive to sample
geometry.

4. There is a systematic effect of the particular RE element
on the grain-boundary adhesion, which is related to the trends in
strength and toughness. It has been found that those RE elements
with large ionic radius tend to give weaker grain-boundary
adhesion. Based on present and previous results, there is a
‘‘window’’ of optimal grain-boundary adhesion which gives the
fastest rising R-curves for short cracks and the highest strengths.
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If grain boundaries are too strong, transgranular fracture occurs
and low toughness and strength result. Conversely, if they are
too weak then the R-curves rise less slowly, although likely
achieving higher plateau values eventually.

5. The early part of the R-curve is the most important as it
governs both the strength and toughness of ceramics at realis-
tically small flaw sizes. Factors contributing to this region are
critical for designing high strength, damage-tolerant ceramics.
Because this is a very difficult regime to study experimentally, it
is apparent that much can be learned from further modeling of
such behavior.
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